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We investigate the observation problems for linear systems operating in the pre-
sence of noise not accessible to measurement [1 — 3}, The formulation to be
considered covers in a single form both the minimax game situations as well as
certain cases of a probabilistic description of observable systems, The desired
optimal observation operation is formed in two ways: either a priori, when
one and the same operation is selected for all possible realizations of the signal
being observed,or a posteriori, when the operation is formulated on the
basis of the value realized of this signal, The difference of the two observation
methods mentioned are compared and discussed, In particular, the classes of
functional constraints on the unknown noise and the class of optimal observation
operations when the optimal unimprovable result is achieved, are indicated, The
relation of the class of operations indicated with the set of linear observation
operations is examined, The paper is closely related to the investigations in
[4-11.

1, A priori anda posteriori observation, We consider the n-vector-valued
controlled system
de/dt =A@ x4+ BWv-+f(), tis<t® (1.1)
with an r-vector-valued input function v (¢). An m-dimensional quantity y (f}, acces~
sible to measurement, is realized by the equation

dy/dt =GOz +F @y -+ C{Hv+ H@OE tHL<t<<HH<H 1.2)

where & (£) is a g-vector-valued noise in the measurement channel, The coefficients
of systems (1,1) and (1, 2) are assumed continuous and the Lebesgue-integrable function
/ (#) is assumed known, The functions » (¢), & (¢) belong to the sets
V)=V E(C)=2F()

which depend in a known way on random functions p (#), v (£) (on the elements of
B (-), v (-)) specified on the interval ¢, <C t <Z . The values » (¢), & (f) themselves
are here assumed to be unknown, Let f () == f (£}, £ <= l{,, Bl

Let us describe the sets ¥ (-), E () in detail, We denote i, P = {p 11, 'p=P}.

Here p; > 0, P is a convex set containing zero, Let # and {J be convex com-

pacta in R, R@ (0 & P, 0 == Q). Further, we assume

Vp() ={():o@sp@®P), E@E)={E):EH) ()0}

Here p (£) = @3 (01 (1)), v (§) = @, (0, (1)), where ¢(0;), @.(w,) are convex
nonnegative functions, ¢1 (0) = @, (0) = 0; w; (#), w, () are independent random
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processes with known distributions, We note that if functions wy (f), ©,(f) are deter=
ministic, then V (p (-)), E (v (-)) also define deterministic classes of functions, In the
stochastic version we assume that the distributions of p (£), v () are concentrated on
the segments 0 < p (2) <C po (£), 0 << v (£) << v, (£), where p, (1), v, (2) are
deterministic functions bounded on [¢,,].

We consider methods of constructing a mapping (an "observation operation™)
Yy () =¥ (-) & R® estimating a p-vector-valued parameter 1 () = Nz (1)
of system (1,1) {(/V is a known matrix)., The accuracy of the estimate is characterized
by a nonnegative convex functional ¢ (%), ¢ (0) = 0, where ¥ (}, ) = 1 (9,) —
¥ ().

We can estimate 1) () by two methods, The first method consists in choosing the
mapping 1 (-) in advance as one and the same for all possible realizations ¥ (-).
The parameter 1} () is estimated in accordance with the criterion

e = maxyy Mle(p (-), v () 9 () /y =y ()=ming (1.9
e (), v (), ¥ () = max,z ¢ (%)
v(eV () tO e vl
under the condition
2 C) y ) = () —n (3)|=mo, z=0=0 (1.4)

Here in (1, 3) the conditional mean is taken over all i (), v (+) consistent with y (-)
(the given operation is explained in detail in Sect, 5 below), and the maximum is then
computed over all realizations y () which are admissible by the systemn (1.1),(1.2)
for all possible O <C p (f) << po (1), 0 << v () < vo (t). We callrelations (1,3),(1. 4)
the conditions of the problem of a priori observation of parameter 1 (0,) of system
(1.1) with respect to the signal y (¢) of (3,2). Thus, in the indicated formulation all
possible realizations ¥ (:) are "played through" in advance, after which 4° is selected
sO as to ensure a certain guaranteed result. In particular,if p (+), v () are nonrandom,
then (1, 3) turns into the following condition:

e =mng,e(n (), v LP), (=Y (1.5)

Principles are presented in [4 —~ 6] for constructing control problems with parameter-
constrained trajectories, connected with the problem being discussed by duality relations,
We turn to the second observation method, Suppose that the signal ¥ (£) = y* (%)
has been realized on the interval {f,, 0!, We now construct the mapping (the "observa-
tion operation") with due regard to the fact that the realization y* (-) is already known,
Therefore, among the arguments of { we also include the function y*(-). We estimate

n (81) in accordance with the criterion (Y* () = ¢ (y (+), y* (+)))

e* = M [e* (u (1), v (), ¥* () [y =y* ()] =min. (1.6
e* (n (). v (), ¥ () = maXe: ¢ (%)
yre v, o), B WEEG), p ) vie)

Here W* isthe class of admissible functionals realizing the observation operation;
W* (y* (+), n (+), v (+)) consists, correspondingly, of those and only those functions
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v (-}, & (-) withvaluesin ¥ (p (-)), E(v (-)) which are consistent with signal y* (-)
(i.e. those which together with the vector y* () and some z () can generate by vir~
tue of (1.1),(1.2) the realization y* (-)). The conditional mean in (1. 6) is computed
from the a posteriori distribution of the functions b (-),v (+) for y = y* (-).
Relations (1,6) are called the conditions of the problem of a posteriori observation
of parameter 1 (,) of system (1.1) with respect to the signal y* (¢) from (1,2). In
particular, if 4 (-), v () are nonrandom, then (1, 6) turns into the following condition:

e = ming® ¢* (u (-), v (-), P¥),  p* = ¥* 2.7

Below, the class W of mappings  (-) will consist of the linear operations { (y (+)) =
{w (), y (+)>, continuous on some Banach space B containing the set of all possible
realizations y (-), Here the rows of the (m X p)-matrix w (-) belong to space B*.
Space B is constructed below, The class ¥* of mappings ¥ (y (-}, y* (-)) is defined
with the aid of linear operations of the form )

P =P )y* () =<w(/y* )y ()

where ¥ (+) & B and the element w (- / y* (-)) & B* depends upon the realiza-
tions y* (-) . We note that the mapping ¢ (y (.),y* (-)) from B into R® is now
not necessarily linear, Additional constraints on ¥ (y (-), y* (+)) can,asinthe a
priori problem,be included in the requirementson w(. / y* {-)) = W.

Below we show that the consideration of only the above-described classes W and ¥*
is justified by the fact that unimprovable estimates of the parameter % (1%,) can be achi-
eved even in these classes (if space B and set W are chosen properly), Everywhere
below we assume ¢, = &. The extension of the results to the case Uy < { is standard,

Note 1,1, The "non-bias condition” (1,4), signifying that ¥ {y {-)) = 2 (#) pre-
cisely for » = 0, § = 0, is, as will be shown below, necessary for optimality in the sense
of criterion (1. 3) ((1.8) for the operation { (y (-)) (Y (v (-), »* (-))-

Note 1,2. From the sense of the problems being considered the set W* (y* (.),

B (-)y v (+)) of possible noise {z (-), & (-)} compatible with the signal y* (.) realized,
is necessarily nonempty,

2, Solution of the & priori observation problem, Let X (t, 1), ¥ (¢, 7) be the
normed fundamental matrices of the systems z° = Ax: y = Fy. respectively, We
have

8
yO—Y (¢, 0y @)+ =Y ¢t ) H®EE + .1

5

C (v (v)dv + § Z( ) BEVE)E—Z(t, Ma(®), t [t ]

) 8
Z<t,ﬁ>=§Y(t,a>e<§>X<§,mda, gty =\2(t, 91 (®)d
{

we denote z (f) = y (£) — Y (¢, ®) y (9) + g (¢). Taking (1.4) into account,after
standard calculations we have

XOECL N =x@ ) v EC) =<w(-), 2(:)> = (2.2)
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)
<§ w(t)Y (v, t) H (¢)dr, §()>

0

w(T) (2 (%, ) B(t)— Y (1, ) C (1) dr, v (8) » —

P e

Sy P

w(t)Z(t )dt =—N (2.3)

The set of solutions of (2, 3) in class B* is denoted as Wy. Further on, we obtain
e(p(-), v(-) $() =2 (), v(:), w(-)) = max, g p(x(w (+), (2.4)
v(-), £(+))) = supamax, g Ko, x(w(-), v(-), §(:))> — ¢* ()}

a &= R®
¢* () = sup, {K& P> — ¢ (P))
v()eVp (), E() gk ()
Here ¢* (@) is a convex function adjoint to ¢ (p), p &= R [8]. In particular, if

¢ (p) = maxq (p, &), 0 = A* j,e, @ (p) = p(p; A*) isthe support function
of convex set A*, then (2. 4) is transformed to the equality

e(p (), v (+), w() = max;maxy, ¢ {<a, x (W (), 2(-), E ()N} (2.5
acd* v()=V () EGOEEVE)
In the general case we have
e(w (), v (), w()) =supa {p (9 (4 aw () H () E () + (2.6
plstaw()NB(@) —gt, aw()C@;V () — ¢* (x)}
o &= R®

Here s (t, aw (-)), ¢ (¢, aw (+)) are,respectively the 7- and m-vector-valued
solutions of the system

§=—sA() + 96, ¢ =—qF (@) taw (t) 2.7
s(t) =0, gt = 0
p (h (+); Q) is the support functional of set Q (), i.e.
p(h(-); @ =sups<h(:), ¢(:)), ¢ () =Q

Finally, we have
Y

F (v () w(-), @) =15 v e (b wwo () H (9; Q)+

to

B ()0 (5(2, aw () B(t) — q(t, 2 () C (8); Pl dt — o* (@)}

e () v w(-) =supaf(u(-),v(:), w(-),a), a&ER™
e° = inf, maxy,Ms(u ((-), v(:), w(:)), w()=W,=WNWg

(2.8)

(2.9)
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Here Wy is determined from (2, 3), while W is given by the conditions of the problem,
If A* is a unit sphere in the finite-dimensional space X (4* = {a: ja | < 1})
and, consequently, @ (p) = | p|* (the norm of p in the metric of X*), using (2, 8)
and the results in Part 3 of [8], we obtain

]
(), v(-) w(+) = maxe {{ V@D (et w (NH(®: QP+ (210)

pyo(s(t, aw(-) B(t) —q(t, aw(-) C(t); Pldt}  (af=1)
We note three special cases of the problem
1) Let p=1,¢ () =|1],then
D (1) = maxyy, Me(p (), v() w()=
F e () vo (Dw(e) 1), @* (1) =0
2) Let @ () =[], v(£)=0, p(f) = p be arandom quantity, then

(I)(w(-))mmaxaf(pn,(),w(-),a), “(X«“* =1
Analogously, if | (#) == 0, v (f) = v is a random quantity, then

@ (w )= maxaf(oy Vo, W (')’ @), “a“ *=1
3) Let u (#), v (#) not be random, then
Dw () =e@()hv()w()

The space B of m-vector-valued functions z* () is chosen either in the form
B = C,™ It,, ¥], where the index % depends only on the actual structure of system
(1.1),(1.2), 0r in the form B = L,™), ¢ > 1. We note that the lower bound in (2, 9)
is automatically reached if set W is weakly compact in B.

3. Exact a posteriori estimate, Suppose that a realization y* (-) of signal
Y (#), observed relative to system (1,1), (1.2), is known, We derive an exact description
of the region X (y* (+), p (+), v (+)) of those vectors & which are consistent with
y* (Y when p (W) = V (n (), E(+) = E (v (+)), assuming that the functions
i (+), v (-) are deterministi¢, In other words, we find all those vectors x* for each of
which we can find a pair vl( Y= V(u (), & (-)==8 (v (+)) such that (1 1),(1.2)
has the function ¥ (£) = y™* (2) as its solution (for z (8) = z*, y (9) = y* (M),
v = o (), &£ = &' (+)), We denote

Tyz=fU(), fO@H=mZ% 9=

Ty () =f2C), 2 % Y (t, 5)C(3)+ Z(¢t, 6) B(s) v(s)ds

&

TEC) =£C) 120 = {(—Y (6 o) H(a)E(5) ds

Here T, T,, T, are continuous linear operators from R(™, L,), L,(®  respectively,
into O™ f, < t <O, According to (2,1) we have
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()= =T+ Tyw() + T38() (3.1)

Here z* (-) is connected with y* () in the same way as z (¢) with y (), and is deter-
mined completely by specifying the pair {y* (), f (+)}. In accordance with this we
shall consider the quantity z* (.) instead of y* (.) in all the subsequent functional
relations, The reverse transition from z* () to y* () is effected in standard fashion,
Therefore, we shall not clarify this in what follows,

The set X (z* (-), p (-), v (-)) consists of those and only those vectors z for which
(3.1) is solvable in the class V (u (+)), E (v (-)). Following [7, 9], we obtain the
following assertion (A (+), % (-))> is a continuous linear functional on B, h = B,

A (-) = B*, T* is the operator adjoint to T').

Lemma 3,1, Inorderthat x = X (z* (), p (), v (+)), it is necessary and

sufficient that the inequality

(T *0(e),xy <supwe ¥ (A (+), v(-) E()) (3.2)
v() =V (), EC)EEM()
YA (), v()y EC) =<KT*M (), v () +H<Ts* 2 (4). EC) +

be fulfilled for any A (-) = B*,

Lemma 3.2. Theset X (z* (-), w(:),v (+)) is convex and closed.

This property follows from formula (3, 2).

Llet L = {l:3A(-)=B* T*A(-) =1, 1= R™W}. Set L is a subspace of
R®™, From (3.2) we now conclude the validity of the next assertion,

Lemma 3.3, z & X (g* (+), p(+), v (+)) if and only if for any [ = L

A, 2y < g0 () (3.3)
9o () = inf {p (Ty*4 (-); ¥ (u () + o (T5*A (s E(v () + (3.9

overal A () = A () ={A(-): T\*A () =1}
We can extend the definition of the function @, (I) tothe set L, = R™ \ L
by setting @, ({) = oo, if { &= L.
Lemma 3.4. The function @, ({), I = R™ is convex and positive~homogeneous,
These properties follow from the definition of @, ([). Applying the results of Sect,
13 of [8], from formula (3. 3) and Lemma 3.4 we conclude
Lemma 3.5, The formula

9o () =p (I X (*(),n()v()), le=RW
is valid,
The function p (I; X (z* (-), u (+), v (+))) is uniformly bounded for all

e Sy(L) = {leL: 1y =1}

The uniform boundedness of p (I; X (z* (+), n (-), v (+))) on S, (L) follows from
the analogous property for @, (I) . We note that the following representation of the
vectors: z = x° -+ a! follows from Lemma 3. 5; moreover,
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X hp(hvN={z: =X (c* () p () v () s E L}
Xe )y plhy()=X{Chui-hv) N L
L' = {z:{x,1> =0, le L)

The set Xz, (z* (), p (+), v (+)) is a convex compactum in R™ of dimension n, =
n — ng, where n, == dim L? is the dimension of L', n; = dim L is the dimension
of L. Note that if 7 = const, then p (;; X (z* (-), p (-}, v(.))) = 0 when!'"G=
( {the prime denotes transposition),
The special case L == R is interesting, It oceurs if and enly if the equation
T.* & (+) = 1 issolvable with respect te A {-) for all /. But the last condition
exactly expresses the requirement of complete observability of system (1.1),(1.2) on
the interval [z,, O] whenv = U, & = 0 [1 ~ 3, 10]{or, in other words, the require~
ment that condition (1, 4) be fulfilled if we assume that
Y CN=CR ) 20D ==
see Note 1,1). The next assertion is obtained by standard methods of control theory
{for example, see {1, 107
Lemma 3.6, Inorder that the equation I,* A (+) = [ be solvable for any | <=
R®™ (i, e, that the system (1.1),(1.2), E == 0, v = 0 be completely observable on
the interval [#,, ¥]), it is necessary and sufficient that the form

r (§ Z' ¢, MZ(t, 9) dt) 1= U'HI (3.5)
{a

be positive definite, In the stationary case system (1,1), (1,2} is completely observable
if and only if the 1ank of the matrix Q, = [D, DA,, ..., DAY ], where

{mp A0
D= {Qv E Js Ai = G F
equals n -+ m,

Corollary 3.1, In order that the convex and closed set X {z* (), n (), v (*))
be bounded, it is necessary and sufficient that form " H1 be positive definite,

The vectors { € L are called observable directions,

tet Z () = 2% (-} + T, X {z* (-), (), v (*)), where T\ X is the image of
set X under mapping . By the symbol W (.} = {»(-), & (:)} we denote the
preimage of set Z(-) in L™ X L, under the mapping T {v (<), 8(: )} =T, (-) -+
To& (). Let W* () = W (-) N {V(p(-)) X E{v(-))}. The projections of
W* () = W* (2* (-), p (), v (+)) onto L, and L,!® are denoted, respectively,
by V* (z* (+), p (+), v (+)) and E* (z* (+), u (), v (+)). The assertion follows
from the convexity and closedness of X (z* (-), p (), v (+), and also from the bound~
edness of the sets V (u (+)), E (v (+)) .

Lemma 3, 7. Theset W* (z* (.), p {+), v () is convex and weakly compact
in Lz(r) X I“Z(Q)'

From the minimax theorem in [117] we obtain
Po () = maxy,ginfap (A (), v (), £())
Moyedd, v(EV i), FOEE0)

Lemma 3.8, Let there be given the pair {o* (+), 8 ()} & W* {* (-}, p (+),
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v (+)) and the observable direction 7; then ¥ (A (-), o* (-), E' (+)) =k > — oo
ontheset A (+) & A ().

The boundedness of Y (A (-), o' (-), &' (-)) overall A (:) & A (I) follows
from the observability of direction / and can be verified by a direct calculation, The
constancy of the functional P (A (+), #* (+), E! (-)) on the affine set{A (-) &= A (D)}
follows from its linearity in A (:). From Lemmas 3,5, 3.7, 3.8, and from the fact that

when {o! (-), E' (-)} & W* (z* (-), u (), v (+)) we have
infyp A (), 20 (), B () =09() = —o0, A()EA(QY

for any [ &= L (the proof of this fact is analogous to the one in [7]), we conclude,
using notation (2, 7), that the assertion is valid,

Lemma 3,9, Let [ & L ({ isan observable direction), Then for arbitrary
A (+) & A (l) we have

o X (z* ( b () v () = (), 2* () (3.6)
PG AC)B@ —qt,A()C@), —q@ 2 () H (D

W= (z* (-), n (), v())

Let us find an exact estimate of parameter 1 () for fixed u (-), v (+). We con-
sider the set N* (z* (), u (), v (+)) = NX (z* (-), n (+),v (+)). Here
N*(z*(-), p(-),v(-)) =N * () isthe region of values of 1) (#), consistent
with the signal z* (-). Let us fmd the point n° (") called the "Chebyshev center" of
set N* (-). By deflmtlon we have (n & N* ()

e* — max, In — o] = ming max, |n — ], { & RO

Then for deterministic p (-), v (-) we obtain that £* is a solution of problem (1, 7)
with @ (¥) =] % |- Itis clear that n° = n° (N¥ (-)) = n° (N* (z* (-), p (+),

v (+))). It now remains to set §° (z* (), 2% (+)) = n° (N* (2* (+), p (*), v (*)))-
As we can convince ourselves (since under the conditions being considered &* is an
unimprovable a posteriori estimate of the error in the determination of parameter
n (9), and this is true by construction!), ° (z* (-), 2* (+)) is the solution of prob-
lem (1,7), If @ (X) is an arbitrary nonnegative convex functional, then y° is the so-
called " @-center” of the set N* (-), i.e. (M=N*(+))

— max, ¢ (n — 1°) = ming max, ¢(m —L), =A™ (3.7)
Noting that the formula
p (a5 N* (+)) = p (aN; X (2* (+), p (1), v () (3.8)
is valid, we find (a, { & R®)
e* = ming sup, {p (o5 V* (-)) — < 0,5 > —¢* (@)} (3.9)

In particular, if ¢ (¥) = | % |, from (3.7) we obtain
g* — mingmax, {p (a; N* (-)) — <, 0}, L& RW, Ja|*<<1 (310

Summing up what we have said, we obtain the following assertion,
Theorem 3,1, Let u(-), v (-) be given functions, The solution of determin-~
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istic problem (1, 7) is obtained by the operation P (2* (-), z* (-))=7° (N* (),

where 1° is an element of functional (3, 9) and (3, 10), extremal with respect to §;, com=

putable from realization z*(-) in accordance with formulas (3,7) ~ (3,10),(3.4).

The number &% is the estimate, unimprovable with respect to the functional @ (¥) =

[ %] ,of the deviation ¥ = % (8) — ° of the realized value v ({) from 5>,
Corollary 3,2, Let {8) = n'z () be a scalar quantity and let @ (¥) ==

A . Th
el (4 N () — (= 1 V% () (a.11)
In fact,if N is an #’-vector, then the set N* () is a segment whose endpoints are
the numbers ¢ = — p (—1; N¥ (:)), b = p {1; N* (-)). Then from (3.10) we

find £* = (b — a) / 2 = min, max {b — 1, — a -} n}. Here the minimum is
reached when p — 1 = W — a, i,e, M° = {a -+ b)/ 2. The right-hand side of
(3.11} is now obtained by formula (3, 8),

Let us assume the functions p {+), v (+) are random, The distributions of the quan-
tities @ (-) and v (-) are now a posteriori and depend on z* (-).Without dwel~
ling on the computation of these distributions, we note that solution (1. 6) is determined
by the formula

e* = ming M [{max, @ (n — 8); n=N* ()} /2= z* ()
o= Rwm®

(3.12)

i,e.

e¥ = min; M [sup, {p (&5 N* ()} —<a, ) —o*(a))/z= 12" ()]
and ¢° (z* (+), £* (+)) = 1° (z* (-)), where 1° (z* (+)) is an element of (3,12),
extremal with respect to { = R» ,

Theorem 3,2, Let B {), v {+) be random processes whose a posteriori
distributions for given z* () are known, Then the operation §° (z* (-), z* (-)),
solving preblem (1, 5), is determined by the equality 4° (z* (), z2*(.))= n° (z* (-)),
where n° (z* (-)) is an element of (3,11), extremal with respect to { . The optimal
error £* is found from formulas (3,11),(3. 8), (3.6}, (3. 4).

Corollary 3.3, Let @ (x) = | x |. Then condition (3,12) takes the form

e* = ming M [sup. (p (@; N* (1)) —<a, §)/z=12*()] (313
L= Re, Jel*<1

Corollary 3,4, Let 1 {%) = n’ 2 (¥) be a scalar quantity and let @ (}) ==
} X { Then
Wt (), (="M pln; X(* (), p() v{N—

p(—n X (& (), n () v} /2 =12"()]
e = Y, MI{p(m X (@* (), k() v () —
p(—n X (), n (), v} /2 =2% ()]
In fact, the vectors {a (§) = p (—L; N* (+)), b(E) =p (1; N* {1} be

random with an a posteriori distribution function F {E). By formula (3,13) we
fo]

obtain . {
e =ming § [max{b(g) —n,n—a@NAFE), n=RY

e 2
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We denote o -
= fomarE, o= {a@are
The corollary's assertion then follows from the trivial inequality
v bE) — ,
| [max o —n,n— ey — B ar @ > 0

valid for any 7.

4, A posterior! estimate by bounded operations, Let us consider system (1,1),
(1.2) and problem (1,7) by now assuming that the (m X p )~matrix functions w (- /
2* (-)) & W, where W is a convex set in the ( m X p )=vector space B* (adjoint
to Banach space B), is closed in the weak *~topology, We assume the functions t (),
v () as fixed, At first let there be given an( m X p )-matrix function w (-) =
W N A(l) = W (l),where ] is an observable direction, From Eq,(3.1) we obtain the
equality

I'*w (), > = T*w (), v () +<Ts*w(), E() —<w () z* ()

valid for any {z, v (-), § (+)} consistent with z* (.), i.e, 4.1

2EX @ () p(hv(e) vOEVEE) ECEENE)

As a result we have

Ay > <p(THw () V) +e(Ts*w() EGQE) —
w (), z* (')> = (I)+ (w(')! B ()’ v (')' z* ('))
H find
e e <xzy Ty < inqu)«l- (w (')a P*(')"’ (')? z* (’))5 w (') eWw (l) (4.2)

and, analogously,
A, 2> >supuy @@ (), p (), v(), 22 () wl)EWd) 4.9

O w(), p() v() 2FE)=<w() 0D+
P (=T*w () V() +e(=TFw() ECE)

2y > —inbyy O_@ (), w () v() 2 () w(EWO
Suppose that set W (I) is bounded, Then the operation inf in conditions (4. 2),(4.3)
can be replaced by min. It is important to stress that here we do not need to know the
set W* (z* (-), u (+), v (+)) in advance in order to obtain the a posteriori esti-
mate, because in (4, 2) the estimates are realized with respect to the noise v () &<

Vip())and g ()=E(v().

5. Comparison of & priori and & posteriori estimates, We first consider the
purely deterministic case, Thus,let u (), v (-) be nonrandom., We compare the num-=-
bers & = min e (u (+), v {-), w (+)) over w (-) & Wy and e*= e* (z* (*)) =
min e* (u (-), v (+), w (- / 2* (+))) over w (- / z* (+)) €& W, namely, the observ-
ation errots obtained by a priori and by a posteriori observations,respectively,
Keeping the expression for f (u (+), v {+), w (), @), formulas (2. 8), (2. 9),(3. 4),(3.6),
and Lemma 8, 4 in mind, we conclude

i.e.
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8
&° = infyewy Supa {Sv(t)p(q (2, qw (-)) H (t); Q)dt + (5.1)

Se@o(s@t aw(-)BEO—qt, aw(-)C(); P)dt—o* (@)} >

sup {p (aV; X (0, u(-), v(+))) — ¢* (o)} = e*(0), a=R?

Note that the set X (0, b (+), v (+)) is symmetric with respect to the origin (this fol-
lows from the corresponding definition and symmetry of sets P, (/). Therefore,(5,1)
admits the following interpretation.

Lemma 5.1. Let p (-),v (+) be given deterministic functions, The error &° of
an a priori observation of parameter 1 () with respect to signal ¥ (-)in(1.1),(1.2)
is not less than £* (0) , the unimprovable error estimate for an a posteriori obser-
vation of parameter 1 () with respect to signal z* (-) = 0 in(1.1),(1.2).

By direct calculation we convince ourselves that if o is a scalar and ¢ (x) = | %/,
then g° = &* (0).

We arrive at the pext result by taking into account that the error £” of a priori
observation is achieved by a linear operation (i’ (), z (-)), and that, on the basis of
Lemma 5.1, it cannot be improved,

Corollary 5.1. If a is a scalar and ¢ (X) = |x|, then the unimprovable a
priori estimate is achieved by the linear operation <{w (-), z {-)) satisfying condi-
tions (2. 6), (2. 7) and the moment equalities (2, 3).

Let us go on to compare &* (0) and &* (z* (-)), to do this we compare W* (0,
p(+), v () with W (z* (+), u(-), v (). We denote the m-dimensional space
spanned by the row-vectors of matrix Z (t, 9) by the symbol H™. (H™ = {h (1)
h(t)y =2Z(t, )1 forsome I & R™}), Then from formula (3.1) we conclude

W 0, p(-), vieN=A{v(-), 8C) Tov () + T8 () = H"} (5.2)
v(HeEVul), EHeEEGE)
and, analogously, un general form, for these same classes
W@ (), p(), v ={v() EC) Tov () + T8(:) — (5.3)
z* () e Hm}

We shall treat the functions z* (-) as elements of space L™, i, e. we shall assume
B = Ly (see Sect.3). Then,also H™ & L,(™, Let H,™ denote the orthogonal com=
plement of H™ in L{™, Any element % () & L{™ can now be represented in the
form h (+) = (B (+))e + (R (+))1, where (b (), =H™, (h(:)) & H,". 1t can be
verified that any pair {v (-), & (-)} & W* (z* (+), p (+), v (+)) is representable
in the form v () =" () + v * (), () = B () + E* () (5.4)
where the element {t° (+), &° ()} = W* (0, p (), v {-)) depends, in general, on
{v(-), E(-)},and the element {v* (), E* ()} W* (z* (-), n (+), v () is
fixed (i, e. does not nowdepend on {v )t (')} ). Then

W* @ (), p(), v =W 0, p(), v(-)/2* () + (5.9
w* (2% (+); 1 (+), v ()
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Here W° (0, p (+), v () /2% () = {{v° (), & (-)}} is the set of elements
{v° (+), E°(-)} obtained from (5.4) and w*(z*(-), 1 (+), v (- )) ={v*(-), £*()}.
It is clear that W (0, (+),v () /2% () < W* (0, p (), v (+)) We denote

Too* () + TEX () =71 () )= () + (* (1 (5.6)
Taking the structure of set W° (0, w (+), v (+)/ z* (+)) ,element f* (-) in(5.6),

and formula (3,6) in Lemma 3, 9 into account, by direct calculations we convince our-
selves of the validity of the equality

o X @ ()F p(), v =G () @ ()4 * (N> + 5.
Pl A () B —ql, ¥ C (1), q (¢, () H (1);

we (0: !’L()’ v (')/Z* ()))

Here A°{-) € H™ is the unique solution of the equation 7 * A {-) = [ under the
condition (A° (-), A° (+)) = min. From formulas (5, 7),(3. 8), (3. 9), (2.6) we con-
clude (&, a & R'P)

e <z* (-))=ming sup, {p (V5 X (% (-),p (), v () — <@, & — (5.8)
(@) < supa {0 (s (5 Ay () B () — g (t, My (-))-C (0)
g (t, Moy () H (2); WO (0, 1 (), v (-)/ 2% () — ¢* ()} < &* (0)

Inequality (5. 8) and Lemma 5,1 lead to the following assertion,

Theorem 5.1, Letp (+), v (-)be givendeterministic functions, Then the error &°
of a priori observation of parameter 1 (1) with respect to any signal ¥ (*) in(1.1),
{1.2) is not less than the number &* (z* (-)), the unimprovable estimate of the error
of a posteriori observation of parameter 1 () with respect to signal »* (-).

Note 5.1, Ifsignal z* () & H™, then the set w* (z* (-), n (-), v (-) contains a
zero element. It then foltows from (5. 2), (5. 3) that W* (z* (), n (), v (+)) = W* (0,

1 {-), v {-)).Thus, the observation of signal z* () & H™ does not give any additional
information, permitting us to lessen the error ¢* (z* (-)) in comparison with the estimate
e* (0) (and when e* (0) = ¢° , even in comparison with the estimate & of a priori
observation),

We now show that the unimprovable operation v (z* (-), 2* (-)) realizing the "¢ -
center" of set N* () (see Sect, 3) is achieved by operations ot the form

V(E* (), 2 () = w2 (), 2* () (5.9)
In fact, the desired operation must satisfy the following moment equalities:
w(-/2%), ¢ =0 /z%(), Z(, BH)=—N (510

If the rows n; of matrix N are observable directions and (z¥ (-)); <= 0, then on the
basis of known results in control theory [1] we conclude that problem (5.10) is solvable
in B* forany n°, N,

Let z* (-) = H™, i.e, z* () = Z ({, ) ¢, where ¢ & R™.The set W¥(z%(.),
i (), v (+))is then symmetric with respect to the origin, Hence by a direct calcula-
tion we are convinced that the set N* (-) = NX (z* (+), 0 (-),v(+)) = R® is sym=
metric with respect to the point n° = N¢, which, in the given case,also glves the
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"Chebyshev center" of set N* (-). Consequently, any operation w (- / z* (-)) satisfy-
ing the non-bias condition (5.10) gives us, under this condition, the unimprovable esti-
mate of 11° (N* (+)). We note that the unimprovable estimate of 1° (N* (.)) is
achieved in the general case by operation (5, 9) which, generally speaking, is not linear
in z* (-) =B,

Now let the constraints p, (-), v (-) be probabilistic processes with known a priori
distributions, Then from (3,11),(1. 3) we have

e* (z* (+)) = ming M {sup, [p (a; N* () —<a, {> — (5.11)
* (a))/ z = 2* (+)} <C ming maxy.y M {sup, [p (a; N* (-)) —
e, ) —o* ()]l /y =y (1)) <¢

The validity of the following assertion ensues from this and from Theorem 5, 1.

Theorem 5,2, Let pu (-), v (-) be given random processes, Then the error
(3.11) in the problem of a posteriori observation of the vector-valued parameter
N (#) with respect to any signal y* (-) in(1.1),(1.2) does not exceed the error &°
in the corresponding a priori observation problem,

We note that the consideration of the a posteriori observation operations is im-
portant for describing problems of conflicting controls with incomplete information on
the system's position, which are close to the problems studied in monograph [12],

Note 5,2. The mean in(5,11) is computed with respect to the 2 posteriori
distribution of (1 (-), v (+)) [13], The distribution is constructed in such a way that
realizations W (-), v (-) for which the signal z*(-) cannot be observed are excluded,

Note 5,3, Inthis paper we have assumed that a continuous measurement of sig~
nal z* (.)is possible; however, the arguments go through also for the more general lin-
ear "measurernent operators” Mx (-) = z* (-). The investigations in [14, 15] are devoted
to the optimal choice of the method of measuring the signal = (-),

8. Examples, 1) Let us consider the problem of observing the quantity n ==z ()

relative to the syste . .
° Sy m Xy = x2, Tz = V (6-1)

from a signal y (¢), ¢ < [0, 8], connected with system (6.1) by the equation

y = a2+ v (6.2)
Here the noise v (¢) is constrained by | v ()| << u (u is a random quantity with an
a priori distribution F (u)) concentrated on [0, wo].

We first estimate the error &> of a priori observation, This is sufficient, according
to the results in Sect, 5, to consider the signal y* (¢) = 0 and to compute the quantity
e* (0, p) = &° (). From (6.2) it follows that the set W* (0, p) (for fixed p) consists
of the solutions of the equation »” 4 » = 0, constrained by the condition |» | < u.
Thus, W* (0, p) = {v {¢) 1 2 (¢} = ce7t, | ¢| < n}. For the quantity =; () we then have
the estimate

wing, ) e wa oy L—¢ (N] <22 (0) < max, (yc wae,m [—? (Ml
or ue® o (8) < pe®, consequently,
£ (n) = pe® =e* (0, p)
If u is a random quantity, then the a priori estimate ¢ = max M{e*(p) /v = y ()}
with respect to y(-).This maximum is achieved, for example, by the signal y (1)=a!¥2.
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where a = u, cth (3/ 2), because for such a signal the conditional distribution degene-
rates and yields the constant po.

2) Let us consider problem (6.1),(6.2) of a posteriori observation of the quan-
tity 1 = x2 (#) with respect to the signal y* (z)=¢/ 2. The set W* (y* (-), p) (u is
fixed) is now determined by the conditions

v =celtd1,—(d+w<esp—1e for p* <p <o
The set W (y* (-), u) is empty for i <p* = th (3/2), For the estimate n of quan-

tity z» (¥) we have
ME* LW =8+ @+DE*+1)/2 forp* <p<po

The error of the estimate is determined by the equality
W W=+ ) (p—pH/2 for p* <p<po

We immediately verify that e* (y* (-), u) < e* (0, p). If u is a random quantity, the
error €* is determined by the relations

2 2 2
g* =M {s*(y*(-), R/ y* (e :%}: S B(u—u*dF (u/y"'(t): —2—)=

*

"
Lo
P! S Bu — ¥ dF (u) <B o —p*) <e°
p .
_S o
p=—t p=\arw
p'“,

Here F (u/y* = t2/2) isthe a posteriori distribution of quantity p.
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We consider a position differential game of encounter with a target set at a spe-
cified instant, We derive one sufficient condition by whose fulfillment the pur-
suer ensures himself a definite qualitative result of the game, The construction
of the first player's strategy is based on the program construction introduced in
[1—38]. The results abut the investigations in [1 — 5].

1. We consider a conflict-controlled system described by the vector differential

equation dx/dt = A ()z + [ (¢, 4, 9) @D
x [to] = Ty, ueb, velQ

Here f (¢, u, v) is a continuous n-dimensional vector-valued function, u and v are
the player's controls, P and () are compacta in appropriate vector spaces, By {}n
we denote the vector composed from the first m (m < n) coordinates of vector z. By
the problem's hypothesis a convex bounded closed set M is given in the space {Z}p,.
The first player, directing the choice of control u, strives to encounter this set by an
instant ¢ known in advance, The second player () obstructs this,

Let us refine the problem statement, By the first player's position strategy [ —
U (t, x) we mean a mapping which associates a set U (¢, ) CC P with each game
position {¢, x}. Any absolutely continuous function z [{1 = z [£; ¢,, x4, U], being
a uniform limit of the Euler polygonal lines za ti = za [¢; £,, ,, U] which satisfy

the following condition dz,
—dt—EFA(t)xA—l-F(t,u[Ti]) (1.2)

TA [tO] == Ty
is called a motion of system (1,1) generated by strategy [J , Here



